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Theory of magnetic neutron spectroscopy for P P  and Tm3+ 

Ewald Balcart and Stephen W Lovesey§ 
t Atomic Institute of thc Austrian Universities, A-1020 Vienna, Austria 
5 Rutherford Appleton Laboratory, Oxfordshire OX11 OQX, UK 

Reeei~ed 1 October 1991 

AbshcL Motivated by recent data on the strongly inelastic magnetic neutron scattering 
SpeclNm of praseodymium and thulium melal, over a wide range of energy and wave 
vector n transfen, we have calculated the corresponding spectrum for both ions and 
the K-dependence of the relevant inelastic S L N C I U ~ ~  facton. The model includes the 
seven lowest energy slates and their mixing by the spin-orbit coupling: results differ 
from previous calculations for the f 2 / f t 2  slate and this is attributed to m u d  phase 
conventions for the base states used for the representation of the spin-orbit energy matrix 
and the magnetic neutron interaction. Comparison of results from the correct model 
with existing neutron beam data show satisfactory agreement; remaining discrepancies 
are attributed to potentially interesting shortcomings of an isolated ion model for rare 
earth m e u k  The unintentional exercise of using c o r r ~ t  and incorrect wave functions 
underlines the sensitivity of inelastic SlNCtUE factors IO feature8 of the magnetic wave 
functions. 

1. Introduction 

The study of atomic states by probing their properties with neutrons has been sig- 
nificantly advanced through use of intense and pulsed neutron beams from modem 
spallation sources. With energy transfers currently up to 2 eV a new range of states 
in magnetic ions becomes susceptible to investigation. Neutron spectroscopy com- 
plements optical experiments by allowing non-dipole transitions at finite wave vector 
transfers and is the method of choice for optically non-transparent materials. 

For rare earth metals and compounds a realistic model is provided by an isolated 
magnetic ion. In the following work, structure factors are derived for electrons in a 
4f configuration. It is the deviation between this model and experimental data which 
might then lead to further understanding of electronic stdtes. 

2. Atomic states 

Several rare earth ions have been studied by neutron spectroscopy [l]. In this paper 
we concentrate our attention on praseodymium and thulium in a triply ionized ionic 
state, corresponding to electron configurations of fZ and f I 2 ,  respectively. The wave 
functions cited in [2] for the calculation of magnetic neutron scattering have been 
used under incorrect assumptions for the treatment of magnetic neutron scattering: 
the root of the error is mixing of phase conventions. In order to perform a consistent 
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discussion, not only of the magnetic scattering but also of the spin-orbit interaction 
mixing the RussellSaunders states with equal J, we resort to the general apparatus of 
Racah algebra and tensor operators. The atomic states belonging to a J-multiplet are 
built from RussellSaunders, or LS-states, coupled with Clebsch-Gordan coefficients, 
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where v is a quantum label, e.g. seniority. Note also that we customarily refer to ‘LS-  
states’ although the actual coupling order in (1) is the other way round. By virtue of 
the Wigner-Eckart theorem the matrix elements of a spherical tensor operator X$ 
of rank K may be split into two parts, one of which, the reduced matrix element, 
docs not depend on the magnetic quantum numbers; the remaining part is given by 
a phase factor and a 3 j  symbol, 

( v  S L J M  1x2 Ids‘ L‘ J’ M’)  

In (2) and the remaining work we adhere to the definitions used by Edmonds [3] and 
Judd [4]. 

If we assume that the spherical tensor .Y$ is built from two tensors U; and \;k, 
which operate, quite generally, on the spin and orbital part of the wave functions, 
respectively, 

q d  

the many-electron reduced matrix element (vSLJIIX~IIV’S’L’J’) can be written in 
a very compact fashion with the help of a unit tensor W ( K j k ) K ,  

( v s ~ ~ ~ ~ x g ~ l v ’ s ’ ~ ’ ~ ’ )  = ( slluslls)(illvklli)( eJI[w(x~k))KIIvJ‘) (4) 

Here (slluKIIs) and (lllvklll) are the one-elcctron reduced matrix elements of the 
spin and orbital operators in U and V, respectively, and 0,B’ are abbreviations for 
vSL,v’S‘L’. The main effort necessary in the treatment of matrix elements of 
many-electron wave [unctions is concentrated in the calculation of the reduced matrix 
element (OJIIU’(”,k)KIIB’J’). The more widely used double unit tensor is 
related to the quantity used in (4) by a 9j-symbol and, following Judd [4], 

(OJIIW(“*k)KIIQ’J‘) 

Similar unit tensors U ( k )  and V(’*’) have been introduced by Racah [5] and their 
reduced matrix elements were tabulated for various 1” by Nielson and Kostcr [6]. 
These are closely related to the quantities used here; in fact 

(q~w~~J) lp’ )  = f i ( e p / ( * J ) I p ’ )  (e~lw(o~k)lp’) 



Magnelic neutron spectroscopy for Pr3 and Tm3 2213 

In accordance with the value of K + IC we discriminate between even and odd unit 
tensor operators W(k,k) ,  which have remarkable properties [5,7]. Since we intend to 
apply our formalism to the spin-orbit interaction, we consider K + k =even and find 
for v = U', Av = 0,f2, 

The reduced matrix element, in this case, changes its sign for a conjugate state 14'+2-n 
for which there are common quantum numbers, including seniority. The analogue for 
n+ k =odd is 

(IRVSLllW(RI~)II1RU'S'L') = 6,",(1UUSLIIW(~.k)l(1"U'S'L'). (8) 

Thus, odd unit tensors, which are relevant to the description of magnetic neutron 
scattering, have equal reduced matrix elements for conjugate states. 

3. Spin-orbit interaction 

In order to treat the matrix elements of the spin-orbit interaction we have rewritten 
the usual form of 'H,, within the framework sketched above, 

7 f s 0 = ~ s , . I ,  = ( - l ) v 5 { S ; @ l ; } :  (9) " 
such that the coupling of two spherical tensor operators, spin and orbital momentum, 
to a tensor of rank 0 is manifest. With (I  = 3, s = 4) 

(sllslls) = Js(s + 1) (2s  + 1) = & 
we arrive at an expression for the reduced matrix element of 71,: 

(VsLJI171soll"'s'L'J) = 6 ~ ( u s L J / l w ~ ' ~ ' ~ ~ 1 , u ' s ~ L ' J ' ) ~ ~ , J , .  - (12) 

The relevant reduced matrix elements of the unit tensor Wi',l)o are given in table 1 
for the terms and J-values belonging to a P/f'? configuration. 

For the complete matrix element of Rso we need a 3j-symbol which turns out to 
be vely simple and independent of M ,  

As an example, we give the non-zero matrix elements of X,, for J = 4 ,  which are 
independent of M: 



The complete set of matrix elements of 'Hso is given in table 2. If we compare the 
values listed in this table with the corresponding values given by Satten and Margolies 
[SI, some of the off-diagonal elements, namely (3H4~rHSO11Gq). ('D,I'Hsoj3P,), and 
(3P,~'Hso~1S,), carry a different sign. This can be traced back to a different phase 
convention used in [SI for the definition of some basis states, i.e. ' G ,  'F, 'D, and 'S. 
These states are chosen with a different phase in [SI compared to our choice, which 
follows Judd [4] and Edmonds [3]. These different phases have no influence on the 
energy values for the 13 states of Pr3+ resulting from a diagonalization of both the 
spin-orbit interaction and the Coulomb interaction. The eigenstates, however, are 
directly affected by the phases chosen. 

In figure 1 we plot the energy dependence of the low-lying LS-states, 3114,,,,, 
3F2,3,4, and 'G,, under the influence of spin-orbit interactions with strength in the 
range from 0 to 200 me\! The dotted curves are drawn parallel to the ground state 
energy at those relative energ, transfers as determined by measurement [2]. Except 
for the transition to 3H,, which is too weak to be measured, all other levels can 
be seen to intersect the dotted curves at a spin-orbit strength C of 92 meV. In view 
of this, subsequent calculations for Pr3+ were made with <=92 meV and the states 
corresponding to this interaction strength arc listed in table 3. 

A similar set of curves, in the range from 0 to -400 me\! describes in figure 2 
the variation of level energies with increasing (negative) spin-orbit interaction for the 
conjugate configuration. The state with lowest energy starts as 3K6,  in this case, and 
acquires a small admixture of ' I,. From figure 2 we see that the measured energies 
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Table2. Matrix elements of rhe spin-orbit interaction for the L S - t m s  o f a  f Z / f I 2  
configuration. The enlries have to be mukiplied wilh the spin-orbit interaction strength 
C, namely 92 meV and -327 meV for P$+ and Tm3+, respectively. 

able 3. Swen low-lying LSJlates of PP+ and their corresponding linear combinalions 
k s i n g  f rom a spin-orbil interaction (=92 meV The states are ordered wilh ascending 
energy. 

3H4 - 0.985 3H4 + 0.168 'GI - 0.032 'F4 
3 8 5  3 3H5 
3He - 0.998 3H6 - 0.059 'Is 
3F2 - 0.988 'F1 + 0.157 'Dx - 0.015 3Pz 
jF3 -+ F3 
3F4 - 0.125 3H4 -0.580 'G4 +0 .805  3F4 
'GI -+ -0.117 'H4 +0.797 'GI +OS92 'F4 

111 coincide with the calculated levels for C = -327 meV The states resulting from 
a diagonalization of Coulomb and spin-orbit interaction are listed in table 4. 

Table 4. Seven low-lying LSalales of  Tm3+ and their corresponding linear combinations 
arising from a spin-orbit interaclion C = -327 meV The slates are ordered with 
ascending energy. 

3W6 - 0.996 3H6 + 0.092 '16 
3F4 -+ -0.297 3H4 + 0.568 ' G ,  + 0.767 3Fa 
3H5 -+ 3H5 
3H4 -+ 0.754 3H4 - 0.353 IGa + 0.553 'F4 
3F3 -+ F3 
3F2 -+ 0.890 3Fz - 0.439 'Dz - 0.123 'Pz 
lG4 -+ 0.585 3H4 + 0.743 'GI - 0.324 3F4 

The main difference to previous results occurs with respect to the eigenstates. 
Since the spin-orbit interaction mixes states with the same angular momentum J ,  
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Figure I. Energy levels of the seven lowest states of Figure 2. Energy levels of the seven lowest stales of 
Pr?t as they develop from 3H4.5,3, 3F2,3 .r ,  and Th3+ as they develop tmm 3 H ~ , s , , ,  3FI,~,z ,  and 
'G+ with increasing spin-orbit interaction. The ' G I  with increasing spin-orbil interaction. The 
dotted graphs are drawn at relative distances of dotted graphs are drawn at relative distances of 
259, 577, 751, and 808 meV, respectively, from the 684. 1018, 1560, and 1760 meV respectively, from 
ground stale, as measured in 121. the ground stale. as measured in [I]. 

we expect to see this effect amongst the three states with J = 4 and with J = 2, 
and also for the pairs of states with J = 6 and J = 0, respectively. Restricting our 
attention to the range of energies accessible in an experiment, only the lowest seven 
states have been listed in tables 3 and 4 for PI"+ and the conjugate ion Tm3+. 

The preceding discussion has been set up within the framework of the SL- 
coupling scheme. However, as shown in a recent paper by the authors [9], the theory 
of magnetic neutron scattering can also be expressed in the jj-scheme. Both sets 
of states may be used to describe the atomic states required for a realistic model of 
intermediate coupling. Since one of our aims was to remove the discrepancy with 
respect to the spin-orbit interaction matrix elements of [SI, the SL-coupling scheme 
was our prime choice to facilitate comparison. 

4. Magnetic intensities 

The intensities of inelastic transitions, induced by magnetic neutron scattering, be- 
tween the ground state, mainly 3H, for Pr3+ and 3H, for Tm3+, and the states listed 
in tables 3 and 4, respectively, are described by a structure factor G ( K , X ,  A') as 
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defined in 

d2u  P -- - r:-gS(n, A ,  A') S ( b  - E,, - E, )  
dS2dE' 

where r0 = (re2/m,c2)  is a convenient measure of magnetic scattering lengths, 
IC = k - k', with k, k' and A, A' referring to the initial and final neutron wave vectors 
and target states, respectively. The theory related to the calculation of G(K, A ,  A') 
has been covered in detail in the literature; see [1,9,10]. 

Table 5. Spherical avemge of the cross seclion for magnetic scattering from the respeclive 
ground slale 10 lhe same and to other spin-orbit multiplels (intra- and infer-multiplet 
lransitions) of P?+ and Tm3+ expressed through radial averages of spherical Bessel 
functions ( j s ) .  

Praseodymium: P?t 

3H4 2.164 7.285 6.152 0.069 0.068 0.166 0.751 
3H5 0.194 -0.294 0114 -0.011 0.086 -0.005 0.392 

3F2 0.000 0.ow 0.141 0.482 0.650 0.078 0.335 
F3 0.000 0.003 0.107 0.034 0.202 0.023 0.340 
Fs 0.003 0.014 0.196 0.W5 0.061 -0.055 0.832 

'GI 0.001 0.007 0.092 0.003 0.005 0.011 0.039 

3He O.Oo0 0.CHHI 0.000 -0.002 0.070 0.007 0.220 

~ ~ 

Thulium: Tm3+ 

3Hs 9.514 12528 4.214 0.057 0.424 0.133 0.374 
3H5 0.138 -0.188 0.202 -0.024 0.118 -0.006 0.246 
'HI 0.000 0.000 0.161 0.055 0.070 0.035 0.339 

F4 0.M)O 0.000 0.758 0.528 O.M9 01124 0.808 
'F3 0.000 0.000 0.004 -0.013 0.151 -0.019 0.348 

0.000 0.000 0.000 0.000 0.190 -0.022 0.416 
jF2 'GI 0.000 0.000 0.081 -0.010 0.033 0.002 0.040 

The results contained in table 5 are for the cross section averaged over the 
directions of IC and they express the magnetic intensities for the various transitions 
through averages (j,) of spherical Bessel functions 

m 

( j K ( ~ ) ) t  = / d r r ' R ? ( r ) j , ( ~ r )  
0 

calculated with radial parts R , ( r )  of f-electron wave functions. The K-dependenCe 
of magnetic scattering intensities is thus determined both by the coefficients listed in 
table 5 and the n-dependence of the ( j , ) .  

For a numerical evaluation of magnetic intensities we have used analytical expan- 
sions for the (jK) derived, in the case of P?+, from non-relativistic Hartree-Fock 
calculations [11,12] since relativistic data for Pr are not available [13,14]. In order 
to obtain an estimate of the changes to be expected from a relativistic treatment of 
the electron wave functions we have compared the analytic expansions of the (j,) 
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for neodymium, derived from non-relativistic and relativistic data, respectively. In 
general, the relativistic calculation shifts weight in IC-space from high to low wavevec- 
tor transfers corresponding to an expansion of the radial wave function in r-space. 
Above IC FJ 8 A-' the reduction for the (j,) is at most lo%, while increases at 
lower IC may reach up to  20%; these effects are within the quality of the data sets. 
In the case of Tm3+ the analytic expansion used to represent the (j,) is based on a 
relativistic DiracFock calculation 113,141. 

E Balcar and S W Lovesty 
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Figure 3. Intensities for magnetic neulron salter- 
ing for intra- and inter-mullipler transitiow P?+. 
The curves are labelled by the term dominant in 
the spin+rbit state. 

Figure 4. Intensities [or magnetic neutron scatter- 
ing for intra- and inter-multiplet transitions Tm3+. 
The curyes are labelled by the term dominant in 
lhe spin-arbit slate. 

In figure 3 we display the wave vector dependence of the magnetic intensities for 
transitions between the ground state of P?+ and the states listed in table 3. The 
graphs correspond to the values given in table 5 after normalization to 1 at IC = 0. 
Note that four of the six transitions listed in table 3 are of a dipolar character and that 
the inter-term transitions for J = 4 acquire a small forward amplitude, which would 
be absent without spin-orbit interaction. Figure 4 shows the magnetic intensities for 
Tm3+ as a function of K for intra- and inter-term transitions. In figures 5 and 6, 
finally, the theoretical results arc displayed together with the experimental values as 
given in [1,2]. 

5. Discussion 

We have shown that the energy values derived from our representation of the spin- 
orbit interaction is in good agreement with measured levels for metallic PI and 
Tm. Magnetic neutron scattering is, however, very sensitive to the detailed structure 
of the eigenstates as they arise from mixing through spin4rbit interaction. Our 
calculation shows the intensity for the transition to 3F, in figure 3 to lie slightly 
above the corresponding value for the transition to 3F, for IC >8 A-'. This has 
been demonstrated in [U] to represent a dramatic increase of magnetic intensity for 
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Praseodymium 
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Figure S. Magnetic intensities for P?t are shown together with the measured data. 
The full curves representing the theory are Gaussians centred at the energies determined 
fmm experiment, with half-widlhs of 25 meV, and with a maximum evaluated from table 
5. The culves are labelled by lhe term dominant in the spin-orbit state. 

the this transition compared to the pure LS-state. From figure 3 it is also obvious 
that the magnetic intensity for the transition to 3H, is much to weak to be seen 
in the spectrum in figure 5. With 3F, and 3H, both at nearly the same energy- 
figure I-the decisive role of the magnetic StrUCNre factor in assigning the transition 
is evident. 

Thulium 
I 

Figure 6. Magnetic intensities are shown together =ith the measured data. The full 
curves representing the theory are Gaussians centred at the energies determined from 
experiment, with half-widths of 25 m e v  and with a maximum evaluated from table 5 ,  

For the case of trivalent thulium we see from figure 2 that the state next to the 
ground state in energy at C = -327 meV is, due to level crossing, predominantly 
of 3F, character. The corresponding magnetic transition is the most intense-see 
figure &-even though it is a non-dipole transition. 



2280 E Balcar and S W Lovesey 

Our theoretical analysis confirms the sensitivity of magnetic neutron spectroscopy 
to the detailed features of magnetic atomic states. 
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